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The subject of this paper is the following family of complex afhne varieties: 

Nk^r - {{A,B,i,j) e Affe,fc X Mk^k X Mk,2 x M2,k] [A,B] ~ ij ^ t ■ l}/Gi(fc,C), 

where Mk^i denotes the space of complex k x Z-matrices and r G C. The group 
GL{k, C) acts by conjugation on A, B and by left (resp. right) translations on i 
(resp. j). 

It is well known that these varieties are related to the moduli spaces of (framed) 
5[/(2)-instantons, i.e. anti-self-dual S'C/(2)-connections on M^. More precisely, Nkfl 
is the moduli space of ideal instantons, with the real instantons corresponding to 
the smooth locus of N^.o- For r ^ 0, it has been shown by Nekrasov and Schwartz 
[15] that Nk^T is the moduli space of instantons on a non-commutative R"*. 

The variety Nk.r is a complex-symplectic quotient of a flat space, and, so, it 
carries a natural complex-symplectic structure. From a more general point of view, 
Nk^T is an example of a quiver variety in the sense of Nakajima [14]. In fact, using 
a trick of Crawley-Boevey [5], we can identify Nk.r as a subvariety in the moduli 
space of representations in (C*^, C) of the double of the following quiver: 



(0.1) 0^^=^ 



Our starting point is the following trivial observation: the double of the quiver 
(0.1) coincides with the double of the following quiver Q: 

(0.2) 

This point of view turns out to be very useful. For example, we show: 

Theorem 1. (i) The space N^^t is algebraically completely integrahle. 

(ii) The Poisson algebra C [Nk^r x C^] is isomorphic, up to localisation, to the 
Poisson algebra (C[T*C'=])^" {C[T*C''+^]f'"^\ 

Here "algebraic complete integrability" is meant in the generalised sense, i.e. we 
do not require the common level sets of commuting Hamiltonians to be compact. 

Part (i) of the above theorem is known: it has been proved by Gibbons and 
Hermsen in [7] and it also follows from general results about quiver varieties. In- 
deed, let TZ{Q,V) ~ Mk^k X Mk,i x Mi^k denote the space of representations of 
Q in = {C'',C). Let Q°p be a quiver obtained by reversing all arrows in (0.2). 
Then Nk,r is a subvariety in {n{Q,V) x n{Q°P ,V)) /GL{k,C) and the Poisson 
algebra C.[Nk^T] contains two commutative Poisson subalgebras C[Tl{Q,V)]'^^''''''^^ 
and C[7^(Q°P, T/)]Gi(fe,C)^ follows from a resuh of Bocklandt [3] (see also §3 be- 
low) that the algebro-geometric quotient TZ{Q,V)/GL{k,C) is smooth and hence 
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the generators of C[TZ{Q,V)]'^^^''''^^ provide a sufficient number of independent 
commuting Hamiltonians. 

Our proof of part (i) identifies generators C[TZ{Q, V)]'^^^'^''^'^ different from those 
of Gibbons and Hermsen. In particular, we are able to find (algebraic) Darboux 
coordinates on a Zariski-open subset of A^fe^ri from which part (ii) follows. The 
quadratic Hamiltonian of Gibbons and Hcrmscn becomes in these coordinates a 
Hamiltonian on the phase space of indistinguishable particles of two types (see 
§4.4). 

We remark that Theorem 1 and other results obtained in the next three sections 
are very reminiscent of known results for the Calogero-Moser spaces [9, 17], and we 
hope that this analogy can be pushed further. 

We then proceed to study the group of symplectomorphisms of Nk^r and the Lie 
algebra of its Hamiltonian vector fields via the non-commutative symplectic geom- 
etry. As for any quiver variety, the group of symplectomorphisms of Nk,T contains 
a honioniorphic image of the group SQ of non-commutative symplectomorphisms 
of the path algebra CQ of the double of (0.2) (cf. [8]). Similarly, the Lie algebra of 
Hamiltonian vector fields on iV^ contains a homomorphic image of the so-called 
necklace algebra CQ (cf. [8, 4]). We observe that the necklace algebra for the quiver 
(0.2) should be viewed as a non-commutative analogue of the Poisson algebra of 
polynomial functions on x g[(2,C). We also discuss the structure of SQ; in 
particular, we show that its Lie algebra {SQ is an algebraic ind-group) is strictly 
smaller than the Lie algebra of symplectic derivations of CQ. The main result in 
the second part is the following analogue of a theorem of Berest and Wilson [2] : 

Theorem 2. The action of SQ on Nk,r is transitive, i/r ^ 0. 

In fact, we show transitivity of the (apriori strictly smaller) subgroup gener- 
ated by automorphisms of CQ, which preserve either CQ or CQ°^. An immediate 
consequence of this is 

Theorem 3. The Poisson algebra C[Nk^T] is generated by its two commutative 
Poisson subalgebras C[7^(g, y)]^-^^^'^) and C[n{Q°P ,V)f^^'''^l 



1. Matrix interpretation of the quiver Q 

Recall, from the introduction, the definition of the variety Ni.,t- It should be in- 
terpreted as saying that Nk^r is a complex-symplectic quotient of T*Rk by GL{k, C), 
where Rk = Mk^k x M^2.k- The moment map /i is 

(1.1) {Mk,k X M2,k) X {Mk,k X Mfe,2) ^ {{A,j), {B,i)) ^ [A,B] - ij. 

Thus, Nk,r = fJ,-\T-l)/GL{k,C). For r 7^ 0, the action of PGL(fc, C) on/x-i(r-l) 
is free, and all orbits are closed. Thus, Nk^r is a manifold. For r = 0, the quotient 
should be understood as the afBne-geometric quotient, i.e. 

(1.2) Nk,o = SpecC[fi-\0)f''^'''^\ 

In other words A^fc^o consists of closed orbits of the Gi(fc, C)-action on /i~^(0). Its 

smooth locus is isomorphic to the moduli space of framed instantons of charge k. 

We now rephrase the definition of A^fe,T, corresponding to the passage from (0.1) 
to (0.2). 
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i = (ii, ^2) and j — ( 'l^ ) , and define: 



Let {A,B,i,j) e T*Rk, i.e. A,B e 0l(fc,C), i G Mk,2, j e M2,k. Let us write 

The matrices A, B lie in + 1, C) and can be wiewed as an element of T*Bk+i, 
where Sk+\ consists of (fc + 1) x (A; + l)-matrices with zero {k + l,k + l)-entry. We 
consider a subgroup G ~ GL{k,C) of GL{k + 1,C), consisting of matrices of the 
form 

■ L 
1 

with L g GL{k,<C). Its action on T*Sk+i is Hamiltonian, with the moment map 
I^G given by the upper-left k x fc-minor of the commutator [A, B] . 
A short calculation shows 

'[A,B]-ij Ai2-Bii 

j2B+jiA jlil+i2«2y 



(L4) [A,B] = 

and, hence: 



Proposition 1.1. The map {A,B,i,j) (^i -B) is equivariant with respect to 

the actions of GL(k,C) on T*Rk and G on T*5k+i, and it induces a symplectic 
isomorphism between Nk,r o,nd the symplectic quotient piQ^{T • 1)/G of T*Sk+i by 
G. 

Proof. It only remains to check that that the symplectic forms agree, which follows 
from: tr dAAdB = tr dAAdB + tr dj Adi.. □ 

Remark 1.2. Another interpretation of this is to say that we have chosen a GL{k, C)- 
invariant Lagrangian subspace in T*Rk, different from the zero-section. 

2. An embedding Nk,T ^ -^fc+i,r 

This section is not used in the remainder of the paper. We wish to describe a 
rather surprising fact, namely the existence of a symplectic embedding from the 
fc-instanton moduli space to the (fc + l)-instanton moduli space, as well as an 
analogous map for torsion free sheaves on P^. 

In the setup of the previous section, consider {A,B,i, j) G T*Rk satisfying 
[A,B] = ij + T ■ 1 and define the matrices A,B via (1.3). Formula (1.4) yields 
now: 

[A,B]-r.l=(. , 
^ ' ^ \32B+jiA -kT 

Thus, [A, 13] — T ■ 1 is also of rank 2, and we can write 

[A,B]=ij, 

where i= (11,12), {h,h) with 

£i = (0, . . . , 0, 1)^, 12 = {Ai2-Bii, -{k+l)Tf, h = ihB+jiA, 0), j2 = (0, . . . , 0, 1). 
The assignment 

(2.1) {A,B,i,j)^{A,B,i,j) 
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is GL(A:, C)-cquivariant and, hence, it induces a map Nk,T -^fe+i,T- First of all, 
we have 

Proposition 2.1. The map N^^t ~* ^k+i,T defined by (2.1) is a symplectic em- 
bedding. 

Proof. The map is an embedding, since the subgroup of GL{k + 1,C) preserving 
ii — (0, . . . , 0, 1)-^ and j2 = (0, . . . , 0, 1) is G. The fact that the map respects the 
symplectic forms follows immediately from the following calculation: 

trdAAdB + tr dj A di = trdAAdB = tr dA A dB + tr dj A di. 

□ 

The image of this embedding is easily seen to consist of GL{k + l, C)-equivalence 
classes oi {C,D,x,y) such that 

Cfc+i,fe+i = Dk+i,k+i =0, yx= ^ ^ . 

Even more remarkable is the fact that, for r = 0, this map respects various 
stability conditions. We recall that a quadruple {A, B, i,j) G T*Rk is called 

• stable, if there is no proper subspace V of C'' with A{y) C V, B{V) C V 
and Imi cV, 

• co-stable, if there is no proper subspace V of C*^ with A{V) C V, B{V) C V 
and V C Ker j, 

• regular, if it is both stable and co-stable. 
A result of Nakajima [13, 14] states that 

Nk,o = {{A,B,i,j) e T*Rk; [A,B] = ij, {A,B,i,j) is stable} /GL(fc, C), 

is a resolution of Nkfi and it can be identified with the framed moduli space of 
torsion free sheaves on with rank 2, ci =0, and C2 = k. 

Similarly, the smooth locus q of Nk.o can be identified with the set of GL{k, C)- 
equivalence classes of regular {A,B,i,j) satisfying [A, _B] — ij. The argument fol- 
lows the proof of Lemma 3.25 in [14]. In turn q can be identified with the moduli 
space of SU (2)-instantons on or with the framed moduli space of rank 2 vector 
bundles on with ci = and C2 = k. 

We have 

Proposition 2.2. The map (2.1) preserves the conditions of stability, co-stability 

and regularity. 

Proof. Suppose that V C C''+^ is a linear subspace such that A{V) C V, B{V) C V 
and lm{i) c V. This last condition implies that Vk+i = C(0, . . . , 0, 1)^ C V and, 
hence, if (wi, . . . , Vk+i^ E V, then . . . , Wfe, 0)^ E V. Therefore V = W® Vk+i, 
where W is the projection of V onto the subspace {{vi, . . . ,Vk,0) G C*^"*"^}. The 
assumptions A{V) C V and B{V) C V, applied to Vk+i, show that Im{i) c W. 
Using this and again A(y) C V and BiV) C V, we conclude that A{W) C W and 
B{W) C W. Thus stability is preserved. A similar argument shows that co-stability 
is preserved and, hence, so is the regularity. □ 

Corollary 2.3. The map (2.1) induces symplectic embeddings N^^ ^ ^k+i o ^^'^ 
Nk,o ^ Nk+1,0- 



ON THE SYMPLECTIC STRUCTURE OF INSTANTON MODULI SPACES 



5 



We do not understand how this map looks hke in terms of sheaves, i.e. how do 
we get a framed torsion-free sheaf with C2 = k + 1 from one with C2 = k. 



3. The action of G on g[(fc + l.C) 

In this section, we consider in detail "half of the set-up described in §1, i.e. the 
adjoint action of G ~ GL{k, C) on Ql{k + 1, C). We shall write q = Ql{k + 1, C) and 
decompose elements of g as 

(3.1) I=p ) , ^Gfl, xGMfe,!, 2/eMi,fe, AeC. 



3.1. A slice to the G-action. We recall that an element ^ of J is called G- 
semisimple if its G-orbit is closed, and is called G-regular, if its G-orbit has maximal 
dimension. We denote by the subset of all G-regular points of g. 

Let ^ be a G-regular element of the form (3.1). Then A is regular in g((fc,C), 
and it can be conjugated to a matrix of the form: 



(3.2) 



/ 

1 



V 








r-2 



1 Tk-l 



We would also like to put the covector ?/ in a standard form, say (0, . . . , 0, 1). We 
have: 

Lemma 3.1. Let A he a matrix of the form 3.2 and let y = (j/i,...,yfe) be a 
covector. There exists an invertible matrix X such that XAX~^ = A and yX~^ = 
(0, . . . , 0, 1) if and only if yv ^ for any eigenvector v of A. If such an X exists, 
then it is unique. 



Proof. Since (0, 



0, 1) is a cyclic covector for A, there exists a unique X = 

(0, . . . , 0, 1)X. Wc know that [X, A] = {] and the problem 
is the invertibility oiX . If we put A in the Jordan form, then it is clear that detX ^ 



X^iLo^ CiA* such that y 



if and only if X]i=o '^i^^ fo'^ ^'^y eigenvalue A of A. Let v = (t;i, . . . , Vk) be 
an eigenvector for A with the eigenvalue A. Wc observe that Av — Xv and v ^ 
implies that Vk ^ 0. Since yv = {0, . . . ,0, l)Xv = Vk Y^\Zo CiX^, we conclude that 
det X ^0 precisely when yv ^ for any eigenvector v. □ 



We observe that the condition yv ^ for any eigenvector u of A is equivalent to 
A and A not having a common eigenvector with a common eigenvalue. We therefore 
define the following set: 

(3.3) S° = |a e ?;V, Av = Xv ^ a(J^ (^^ | . 



6 



ROGER BIELAWSKI AND VICTOR PIDSTRYGACH 



We conclude, from the last lemma, that any element of 5° is G-conjugate to a 
matrix of the form: 



(3.4) 



/ 
1 



r2 



Tk-l 

1 rk 



S2 



\ 



Sk-1 

Sk 



Sk+1 / 



□ 



□ 



\ ••• 1 

Let S be the set of matrices of this form. We rephrase Lemma 3.1 as follows: 
Theorem 3.2. The set S meets any G-orbit in g° in exactly one point. 

We have an immediate corollary: 
Corollary 3.3. Any element o/J" is regular (as a matrix). 

3.2. G-invariants. Since is Zariski-open, any polynomial invariant of the G- 

action on g is an algebraic fimction on the slice S, i.e. a polynomial in r^, Sj. The 
functions and sj are, in turn, given by the characteristic polynomials of A and 
A: 

Proposition 3.4. Let A = A + M be an element oJq^^ of the form (3.4), and let 
q{z),q{z) be the characteristic polynomials of A and A. Then: 



(3.5) 
(3.6) 



z'^-^nz' ^ =q{z), 

k 

^ Sj^'-i = {z- Sk+i)q{z) - q{z). 



i=l 



Proof. The matrix (3.4) represents the multiplication by z on C[z]/{q) in the basis 
l,z,'...,z'^-\qiz). □ 

The existence of the slice <S and Proposition 3.4 imply the following description 
of the ring of G-invariant functions on g: 

Corollary 3.5. C[g\'^ = C[i)k]^'° ® C[f)fe+i]'^'=+i, where \}k, ^k+i denote Cartan 
subalgebras o/ g[(fc, C), 0[(fc + 1, C). □ 

3.3. Strongly semisimple points. 

Definition 3.6. A matrix A of the form (3.1) is said to be strongly semisimple, if 
A e. and both A, A are regular semisimple matrices. The subset of strongly 
semisimple points of g will be denoted by g^ . 

If A is regular semisimple, then A can be G-conjugated to a matrix of the form: 



(3.7) 



V yi 







Vk 



Xl \ 



Xk 

A 



ON THE SYMPLECTIC STRUCTURE OF INSTANTON MODULI SPACES 



7 



where the Xi are distinct. We observe that an A of this form is G-regular and 
G-semisimple precisely when XiUi ^ for all i. Similarly, A is G-regular (resp. in 
0°) if and only if, for any i, either yi or Xi is nonzero (resp. yi ^ 0). In particular, 
any element of 5° with semisimple A can be G-conjugated to 



(3.8) 







Afc 



V 1 



Xl \ 



Suppose now that A of this form is strongly semisimple, with (distinct) eigenval- 
ues Ai, . . . , Afc+i. Let q{z) = Yli^ ^ ^i) q(z) = Yli^ ^ ^j) be the characteristic 
polynomials of A and A. We consider the multiplication by z on C[z]/{q). It is a 
linear operator which in the basis 



(3.9) 



n(^-A,), 



l,...,fc + l 



is the diagonal matrix diag(Ai, . . . , Afc+i). On the other hand, in the basis 
(3.10) l[{z-Xj),q{z), i=l,...,k, 

multiplication by z is given by the matrix of the form (3.8). The numbers Xi satisfy 



(^-A)g(z)=^ x,n(^-A,) 

and hence 

{z-A)q{z)-qiz)=J2 

i 

Substituting Aj for z we obtain: 
(3.11) Xi = — 




mod q, 



A,) 



n-;i(Ai-A,) 



Prom this formula and the remarks after (3.7), we obtain immediately: 

Corollary 3.7. Let A be regular semisimple. Then A is G-regular and G-semisimple 
if and only if A and A do not have a common eigenvalue. □ . 

Let now g be the matrix representing the passage from the basis (3.9) to (3.10). 
Then g diagonaUscs (3.8), i.e. gAg~^ = diag(Ai, . . . , Afe+i). We compute easily the 
entries of g and oi g~^: 



,(Ai-A„) 



(3.12) 



9ii 



n„^.(Ai-A„) 

ni=.(A.-A^) 
n„^«(Ai-A„) 



if j < k 
ifi = fc + l. 
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(3.13) g'^ = 



1 if i = fc + 1. 

4. On the Poisson structure of the instanton moduli space 

We go back to the space Nk,T, which we have identified, in Proposition 1.1 
with the symplectic quotient IJ-q^{t ■ 1) of T*Sk+i by G. Our aim is to cmbcdd the 
Poisson algebra of functions on iVfc_^ into the Poisson algebra of Sk x S'fc+i -invariant 
functions on an open subset of a flat space. It turns out that it is better to consider 
^k,T X with the standard symplectic structure on the second factor. In other 
word, we consider the symplectic quotient /^^^(r • 1) of the whole T*Qi{k + 1, C) by 
G. 

For a T G C, we write 

r = diag(T, . . . , r, — fcr) . 

We also write m~ (resp. m') for the subspace of g = Ql{k + 1,C) generated by the 
y-s (resp. a;-s) in (3.1), and m = m~ ® mL 

The equation ndA, B) = t -1 can be written as 

(4.1) [A,B]GT + m. 

4.1. Decomposition of B. Consider, for now, the case r = 0. The equation (4.1) 
reduces then to 

(4.2) [A, B] e m. 
Wc make the following observation 

Lemma 4.1. Let A e q and let Bi G q, B2 G Q, be such that [A,Bi] = 0, 
[A, B2] = 0. Then the pair {A, Bi + B2) satisfies (4.2). 

Proof. Follows from [A, Bi] em. □ 

Thus, we would like to ask which B satisfying (4.2) can be decomposed into B\ 
and B2 as in the lemma. We have: 

Proposition 4.2. Let A he G-regular with hoth A and A regular sem,isim,ple. Then 
any B satisfying [A, i?] G m can he written uniquely as Bi + B2, Bi G g, with 
[A, Bi] = 0, [A, B2] = 0. 

Proof. The assumption implies that A is G-conjugate to a matrix of the form (3.7), 
with Aj distinct, and that, for any i < k, either Xi or t/j is nonzero. Let H be the 
vector space of i? G g such that [A, B] G m. The set H of elements commuting with 
A is a, subspace of H. We aim to show that 

H = H (S (gnH). 

This is sufficient, as an element oi gf) H commutes with A. 

To prove existence of the above decomposition, first of all notice that the sub- 
spaces on the right have 0-intersection. Indeed, suppose to the contrary, that 
C £Hr\QriH = Hrig. Then C is a diagonal element of g and [A, C] is the element 
yG — Gx of m. As [A, C] = and Xi or yi is nonzero for any i, G must be 0. 
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To prove that any element of H has the desired decomposition it is now sufficient 
to show that dimg Ci H > dimH — fc — f (since dimiJ > k + 1). Let n : g —> m 
be the orthogonal projection. We observe that an element J + / of m, J G m~, 
/ G m', which is in 7r(iJ) must satisfy the following condition: the diagonal part of 
xJ — ly vanishes. Therefore (as either Xi or ?/j 7^ for any i) dim-jT{H) < k and we 
are done. □ 

We would like now a similar decomposition for an arbitrary r. 

Proposition 4.3. Let A £ g^. Then any B satisfying [A/B] e r + m can be 
written uniquely as Bi + B2, Bi G g, with [A, Bi] = 0, [A, B2] G r + m' . Moreover 
the entries of [A, i?2] are uniquely determined by t, the eigenvalues of A and the 
eigenvalues of A. 

Recall that m' denotes the subset of 5 with all entries, apart from those in the 
last column, equal to zero. 

Proof. We can assume that A is of the form (3.8), with Aj distinct. It is easy 
to see that there is a unique Bi of the form diag(/ii, . . . , /ife, 0), such that the 
m~-components of [A, Bi] and [A, B] coincide. This proves the first part of the 
proposition. For the second part, let Ci, C2 be two (A: + 1) x {k + l)-matrices with 
[A,Ci] G f + ml, i = 1,2. We need to show that [A,C\ - C2] = 0. We know 
that TO = [A, Ci — C2] G m', and, therefore. Proposition 4.2 allows us to write 
Ci ~ C2 = Ui + U2, where t/i is diagonal and [A, U2] = 0. Since all the tn~-entries 
of A are nonzero, [A, Ui] G ml implies that Ui =0 and, hence, m = 0. □ 

4.2. A symplectomorphism. We denote by Nj.'^^ the open subset of Nk^r x 
formed by G-orbits of [A, S) such that A Gg^. Let A be of the form (3.8) and let 
B satisfy (4.1). According to the last proposition, we can decompose B as Bi +B2 
with Bi G 0, -Bi] = and [A, B2] = f + to, with to G mL Therefore Bi is 

diagonal: 

(4.3) Bi = diag(^i, . . . ,,(ife,0). 

On the other hand, let g be the matrix (3.12) diagonalising A, so that gAg^^ = 
= diag(Ai, . . . , Afc+i). Then [D^,gB2g^^] — gij + m)g~^ . Therefore (using the 
second part of Proposition 4.3), the off-diagonal terms of gB2g~^ are determined 
by the Aj and A^ (and by r). Hence, the diagonal entries jui, . . . ,/Ufe+i of gB2g~^ 
provide additional coordinates and we can write 

(4.4) B2=g-^D^g + g-^Sg, 

where S is off-diagonal and depends only on T,Xi,\j, i = 1, . . . ,k, j = 1, . . . ,k + 1. 

Let f)fc and ^k+i denote Cartan subalgebras of g[(fc,C) and g{{k + 1,C), respec- 
tively, and write ^k^^^ ^^k+i Zariski open subsets, where the actions of Sk 
and Sk+i are free. The assignment 

(4.5) [A,B)^[Xi,\i 

jMilMj) i=l,...,k 
\ /3 = l,...,fe+l 

gives a well defined map tt : Nl^^^ {T*\}'^^ x T*^'kli) l^k x Sk+i- 
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Remark 4.4. The map tt is cquivariant for the action of C^, given by 

Ai-^A+zi-1, B 1-^ B + z2-'i-, Xii-^Xi + zi, Xj 1-^ Xj + zi, in i-^ m, ^ij 'f2j + Z2- 

The sUce A^fc,,- to this action is defined by Ak+i,k+i = = Bk+i,k+i and this does 
not map, via tt, to a hnear subspace. This is the reason why we consider Nk^r x C^, 
instead of A^fe,,-- 

We have: 

Proposition 4.5. The map w is a symplectic isomorphism. 
Proof. We compute: 

tr{dA A dB) = tr(dl A dBi) + tr(dl A ^£2) = 

tr (dAAdDi^^ + tr (dA A d{g-'^ {Dp + S)g)j = 

= ^dXpA djjLp + tr {dDl') A d{Dji + Sf . 
p 

Now, 

tr (dDf") A d{Dp + Sy~') = d (tvDf"d{Dp + S)^"') , 

and 

tvDfdDf =tTDf ([dD^y-' - [g-^dg,Df]) = 

= ti D-^dDp - ivoC [g-Hg, dC] = tr D^dDp + tr D^[dgg-\ Dj,] 

= trD-^dDp + 0, 

where wc used the fact that off-diagonal matrix [g~^dg, Dp] is perpendicular to the 
diagonal one. 

We compute the remaining term: 

tr Df'dS^~' = trDC ([dSf'' - [g-^g^S^'']) = Q - tr dC [g'Hg, S^^'], 

since S is off-diagonal, and 

-tr£)|"' [g-^dg,S<^~"] = tr[D^,S]dgg-^ = tr{g{T+m)g-')dgg-' = tr{T+m)g-'dg. 

Thus, to prove the result, we need to show that rftr(r + m)g~^dg = 0. We can 
write r = r • 1 — (fc + l)Tek+i,k+i, and, consequently: 

dtrTg~'^dg = dtr[T ■l-{k + l)Tek+i,k+i)9~^dg = 

Ttrd{g~^dg) - {k + l)Tdtr ek+i,k+i9~^dg. 

The first term is null and, hence, it is sufficient to show that tr ng~^dg = for any 

(k + 1) X (k + l)-matrix n, the only nonzero entries of which are in the last column. 
We have, however, tr ng~^dg = — tr nd{g~^)g and this vanishes, since the last row 
of 5-^ is constant (cf. (3.13)). □ 
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Thus, restricting functions on Nk^r x to N^j^^ induces a monomorphism of 
Poisson algebras: 

(4.6) C[Nk,r X C^] C [T*[)^;s]^'= C [T*[)^fc^_fi] . 
Let A G €.[Nk,T X C^] be defined as 

(4.7) A(l, B) = n(A, - A,) n (Ai - A,), 

where Ai arc the eigenvalues of A and are the eigenvalues of A. A is also an 
Sk X ^fe+i-invariant function on f)^ x t)k+i 8.nd, hence, on T*(f)fe x t)k+i)- Recall 
also that a localisation of a Poisson algebra by a multiplicative set is also a Poisson 
algebra. 

Since all denominators in the formulae (3.12) and (3.13) are factors of A, the 
localisation of C [A^fe.r x C^] by the multiplicative set generated by A is naturally 
identified with C[7V^^^] . Thus: 

Corollary 4.6. The localisation ofC[Nk,T x C^] by the multiplicative set generated 
by A is isomorphic, as a Poisson algebra, to (C[T*{l)k x Ijk+i)]^^)^''^^'''^^. 

Corollary 4.7. The rational function field of Nk^r x is isomorphic, as a Poisson 
field, to the subfield of {SkxSk+i) -invariants in the rational function field ofT*{\)kX 

4.3. Complete integrability of instanton moduli spaces. As another appli- 
cation of Proposition 4.5, we observe that the instanton moduli spaces Nk,T are 
algebraically completely integrable. Indeed, the dimension of Nk,T is 4/e, and Propo- 
sition 4.5 implies that the functions 

(4.8) ^i{A,B)=tvA\ ^j{A,B)=tvA^, 

all Poisson commute, and that the only relation among $i, . . . , $i, . . . , $fe+i is 
$1 = <I>i. 

The corresponding abelian subgroup of symplectomorphisms of N^^t x is 
generated by 

(4.9) {A,B)^ {A,B + AP), {A, B) ^ {A, B + A^) , p,qGZ>o, 

while on Nk,T, we have to project B + A'' onto Sk+i, i.e. set the {k + l,k + l)-entry 
to 0. 

The group (4.9) is isomorphic to C^*^ and should be viewed as a 2-step analogue 
of the Gelfand-Zeitlin group considered in [10]. 
We have: 

Proposition 4.8. Suppose that both A and A are regular semisimple and that A is 
G-regular. Then the action of the group (4.9) is transitive on the fibre '^~^{^{Aj) , 
where = ($i, . . . , $fe, $i, . . . , $fe+i) . 

Remark 4.9. Corollary 3.7 implies that the assumption is satisfied, if A and A are 
regular semisimple without a common eigenvalue. 

Proof. Let P C {1, . . . , fc} and write 

mp = {C e s; Cij 7^ ^ j = A; + 1 & i G P or i = A; + 1 & i ^ P}. 
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Thus, mp C tn and trig = m . Let us also define gp as the set of C, such that 
Cij = 1, if j = k + l,i ^ P or i = k + l,j & P. According to the remarks after 
(3.7), the assumption impHes that A can be G-conjugated to matrix, which hcs in gp 
for some P and such that A is diagonal. We can now repeat the proof of Proposition 

4.3, and show, that any B, satisfying [A, B] G r +m, can be decomposed as B1+B2, 
with [A, Bi] — and [A, ^2] £ f + mp, with the entries of [A, B2] determined by 
^{A). Thus, B2 can be written as in (4.4), and since A, A are regular semisimple, 
the action Bi 1-^ Bi + A^ , B2 B2 + A'^ , p, q & Z>o, is transitive on the set of 
Bi, B2 corresponding to A. □ 

Remark 4.10. As remarked in the introduction, the complete integrability of Nk,T 
follows also from general results about quiver varieties. 

4.4. The Hamiltonian. With the choice of coordinates given in section 4.2, the 
natural Hamiltonian to consider is Hr = trS^. We compute Hq, which is also the 
quadratic (in the fXi-s and juj-s) part of any Ht-: 

tvB^ =tT{Bi+B2f =trSf +trB| + 2trBiS2 = ti Dl + ti Dl + 2tT D^g-^Dpg. 
Hence: 

i=0 i=0 i=l j=lY\.m^A^i ^m)Y\.n^ji^i ^n) 

Part 2. Non-commutative symplectic geometry of the instanton quiver 

Let Q be the quiver (0.2). We label the two vertices as 1 and 2 (with the loop 
being at 1). Wc label the arrows of Q as a, x, y, with a being the loop, x going from 
2 to 1 and y from 1 to 2. The remaining arrows of Q are denoted by a*,x*,y*, with 
z* being an arrow in the opposite direction to z. Let V = (C'^,C') and denote, as 
usual, by 'R.{Q, V) ~ T*TZ{Q, V) the symplectic vector space of all representations 
ofQin F. Thus, an element of 7e(Q, F) is (A, B, Xi, X2, Yi, F2) with A, B G Mkxk, 
Xi,X2 € Mfexi, Yi,Y2_G Mi^k- The group PGL{V) = {GL{k,C)x Gi(/,C))/C* 
acts effectively on TZ{Q, V), inducing a Hamiltonian action on TZ{Q, V), with mo- 
ment map v given by 

(4.10) {[A,B]+XiY2-X2Yi,YiX2-Y2Xi) egl{k,C)®QKhC). 

For an adjoint orbit O of PGL{V), we denote by TZo{Q, V) the symplectic quotient 
iy~'^{0)/PGL{V). 
If we write 

(4.11) ii = -Xi, i2 = X2, h = Yu h = Y2, 

then the moment map becomes ([^, B] — iiji— 22.72, Ji«i+j2«2), and so the instanton 
moduli spaces N^^t are of the form TZo{Q, V), if we set Z = 1 and 



O 



T ■ Ikxk 

-kr 



We remark that replacing X-s and Y-s with is and j-s is equivalent to passing 
from the double of the quiver (0.2) to the double of the quiver (0.1). 

In what follows, we shall discuss certain notions of the non-commutative sym- 
plectic geometry in the case of the quiver (0.2). 
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5. The path algebra and the necklace algebra 

Let <CQ be the path algebra of Q, i.e. an algebra generated by the arrows in Q 
(inchiding the trivial ones) with multiplication given by the concatenation of paths 
(paths are written from right to left). It is an algebra over the ring R = with 
the idempotents of R corresponding to constant paths at the two vertices of Q. 
The necklace algebra CQ is, as a vector space, CQ/ [CQ, CQ] , i.e. elements of CQ 
modulo cyclic permutations of arrows. To define the Lie algebra bracket, observe 
first that, for every w G Q, there is a C-linear map 

(5.1) — : eg/ [CQ, eg] ^ eg, 

given on arrows by |^ = 1, ^ = 0, if w =^ u G Q, and, in general, by: 

(5.2) dw'"'^ ...Un = 2_^ —Ui+i . . . UnUi . . . Ui-i- 

j=l 

The Lie algebra bracket on CQ = CQ/ [CQ, CQ] is then defined by [4, 8]: 

(5-3) = i:(|i^-^|) »od[CQ,cg], 

where the multiphcation is in Cg. Ginzburg [8, Proposition 3.4] shows that LQ is 
a central extension of the Lie algebra of symplectic derivations of Cg. 

There exists a Lie algebra homomorphism from LQ to the Poisson algebra of 
algebraic functions on any quiver variety for Q. Namely, one considers C''"'"' = 

® C' as an i?-module, which makes 0l(fc + Z, C) an i?-bimodule. It is equipped 
with the map tr^; : g[(fc + /, C) ^ i? = C^, defined as taking separately the traces 
of the upper-left k x k- and the lower-right I x ?-block. The canonical i?-algebra 
homomorphism 

(5.4) E-.CQ^C [1Z{Q, V)] 0^ gl{k + I, C) 

evaluates each non-commutative polynomial in CQ on the matrices corresponding 
to a point in TZ{Q, V). Taking now the trace tr^j on the second factor gives a map 

(5.5) Tr : eg ^ C [n{Q, V)] , 

which clearly vanishes on [CQ, Cg] and it induces a Lie algebra homomorphism 

from CQ to C [R.{Q, V)] According to a result of Le Bruyn and Procesi [12], 

C \TZ{Q, V)] ^^^^^ is generated, as a C-algebra, by the image of tr. A consequence 
of this fact, proved by Ginzburg [8] and Bocklandt and Lc Bruyn [4]. is that a 
smooth quiver variety TZoiQ, V) is a coadjoint orbit in the necklace Lie algebra of 
g (i.e. the Lie algebra action of CQ on TZoiQ, ^) is locally transitive). 

5.1. The necklace algebra as a non-commutative C'^ x 0l(2,C). We keep the 
notation of the previous section, in particular, the labelling of vertices and arrows in 

g. In addition, let tti, 7r2 be the two idempotents in i? = C^, corresponding to trivial 
paths at the vertices 1,2 of g. In the path algebra CQ we have: ttio = airi = a, 
mx = X = XTr2, 7r2y = y = yni, and the remaining products involving TTj-s vanish. 
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Let Ai = ttiCQtti be the subalgebra of CQ generated by paths beginning and 
ending at the vertex 1. Obviously, Ai is a free C-algebra on a, a* ,xx* ,xy, y*x* ,yy*. 
We observe that 



^7r2 + [CQ, CQ]) ~ ^i] as vector spaces. 

Before computing the induced bracket on let us introduce a matrix 



Thus, A\ ^ C{a, a*, en, ei2, 621, 622). We compute the Lie bracket on the genera- 
tors of ^1: 

(5.7) {a,a*} = l, {a, } = {a*, } = 0, {eij,eki} = SjkCu - SuCkj, 

which is just the hnear part of the Poisson structure on C^ x ^1(2, C). The formula 
(5.3) implies now: 

Proposition 5.1. The abelianisation map 

C{a, a*, en, 612, 621, 622) — >■ C[a, a*, en, ei2, 621, 622] 

induces a surjective Lie algebra homomorphism £Q/Cn2 C[C^ xgl{2, C)] , where 
the Lie bracket on the latter algebra is the standard Poisson structure of C^ x 
fll(2,C). □ 

We also have 

Proposition 5.2. The algebra CQ/[CQ,CQ] is a maximal commutative subalgebra 
ofCQ. □ 

6. The group of symplectic automorphisms of CQ 

We consider the group AutijCQ of ii- automorphisms of CQ. Just as for the 

Calogero-Moscr quiver, Aut/jCQ is an algebraic ind-group. One considers a filtra- 
tion of CQ by degree (i.e. the length of paths) and one views Aut/j CQ as a closed 
variety in (CQ)^^^ via the map, which associates to </> e AuIr CQ the values of (j) 
and of on the generators a,a* ,x,x* ,y,y* (cf. [16]). 
For any element p G CQ, we consider its stabiliser 

Aut;j(CQ;p) = Aut^CQ; 4>ip) = p} . 

It is a closed subgroup of Autn CQ, and an algebraic ind-group with the respect to 
the induced filtration. Of particular importance is the group Autfl(CQ; c), where 

(6.1) c=[a,a*] + [x,x*] + [y,y*]. 

It is the group of automorphisms preserving the non-commutative symplectic form 
of CQ, in the sense of [8]. We shall refer to Aut/f (CQ; c) as the group of sym,plectic 
automorphisms. Its Lie algebra is a subalgebra of the algebra of symplectic deriva- 
tions of CQ, i.e. a subalgebra of CQ/R. We shall see that this is a proper inclusion, 
just as in the case of the Calogero-Moser quiver. 

The group Q = Aut^CQ acts on 7?,(Q,V^): for g E G and any arrow v in Q, 
evaluate the non-commutative polynomial g{v) on (A, B, Xi, Yi, A2, ¥2). It follows 
that Autfl;(CQ;c) preserves the moment map (4.10) for the action of PGL{V). It 
is also clear that the action of Aut^CQ commutes with the action of PGL{V), 
and, hence, Autfl(CQ;c) acts on each quiver variety TZo{Q,V), in particular on 
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the instanton moduli space Nk,Ti via symplectomorphisms. It is easy to see that 
this action is algebraic (see [11] for more on algebraic ind-groups and their algebraic 
actions) . 

The element c = [a, a*] + [x, x*] + [y, y*] is the sum of 

(6.2) ci = [a, a*] + xx* — y*y and C2 = yy* — x*x, 

and any i?-automorphism, which preserves c must preserve both ci and C2. Thus 
Autfl(CQ; c) = Autfl(Cg; ci) n Autij(CQ; C2) • 

6.1. AutijCQ as a semi-direct product. Any i?-automorphism of CQ preserves 
the ideal / generated by x,x*,y,y*, and hence induces an automorphism of 

CQ/I c^C{a,a*). 

The induced map 

AutflCQ — > AutC(a,a*) 
is a morphism of algebraic ind-groups. On the other hand, any automorphism of 

C{a,a*) extends to an automorphism of CQ, acting as the identity on x,x*,y,y*. 
Thus, AutflCQ is a split extension (i.e. a semi-direct product): 

(6.3) 1 ^ /C ^ Aut/iCg ^ AutC(a,a*) ^ 1 

of algebraic ind-groups. We can restrict this exact sequence to any subgroup 
Autij (CQ; p) ; in particular we have: 

(6.4) l^ICc^ Autfl(CQ; c) ^ Aut(C(a, a*); [a, a*]) 1. 

6.2. The Lie algebra vs. symplectic derivations. A consequence of (6.4) is 
that the Lie algebra of Aut ji{CQ;cj cannot be the full Lie algebra of symplec- 
tic derivations of CQ (i.e. CQ /R) . This is known for the Calogero-Moser quiver, 
where it follows from the Czerniakiewicz-Makar-Limanov Theorem on the structure 
of AutC('u, u). This theorem (see, e.g., [6, Theorem 6.10.5]) implies that any au- 
tomorphism of C{u,v) takes u and v to palindromic words (i.e. unchanged, when 
written backwards). The same must be true for any derivation in Lie(Aut C{u,v)). 

Now, the exact sequence (6.4) induces an analogous exact sequence on the Lie 
algebras. Let D be a symplectic (i.e. killing [a, a*]) derivation of C(a, a*), which 
is not in Lie(Aut C(a, a*)) . Extend D to a symplectic derivation D of CQ by 
setting D{u) = for u = x,y,x*,y*. The sequence (6.4) implies that D cannot 
belong to the Lie algebra of Aut/{(CQ;c) (in fact, using (6.3) instead, not even to 
Lie(AutflCQ)). 

6.3. More on Aut/{(CQ;c2). Recall the subalgebra yli C CQ, which is isomorphic 
to the free C-algebra on 6 letters a, a*, en, ei2, 621, 622, where the Cij are defined 
by (5.6). We wish, analogous to what we did for the necklace algebra, to describe 
symplectic automorphisms of CQ as automorphisms of Ai . We can actually do this 
for the bigger group Autij(CQ; C2). 

It is clear that any ii-automorphism of CQ preserves Ai and so we have a 
homomorphism 

(6.5) Autj?.(CQ) ^ Autc(^i). 

For a.ip G AutH(CQ) and an u G CQ, we shall write u'^ for ^(it), and for [e^] . 
We have: 
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Proposition 6.1. The kernel of the restriction of the homomorphism (6.5) to 
Autfl(C(5;c2) consists of automorphisms x ^ Xx,y* i— > Xy*,x* i— > X~^x*,y i— > 
X~^y, A e C*. The image consists of automorphisms (j) of Ai, such that = 

M^EM7^, for some G GL2(A)- 



Remark 6.2. The map Auti{(C(5; C2) — > GL2{Ai) is not a homomorphism. 
Proof. Let ij) € Aut^CQ preserve C2- Since i/j is an i?-automorphism, we can write 

where M^, N-ip £ GL2(-4i). The condition of preserving C2 can now be rewritten as 



{x* y) N^M^ i^^"^ j = C2. 

We claim that N^M^ = 1. Let us write C = [cij] = N^M^ — 1. The last equation 
can be rewritten as 



I.e.: 

-x*ciix + x*ci2y* - yc2ix + yc22y* = 0. 
Multiplying this by x on the left and by x* on the right yields 
eii(ciieii + 012612) + ei2(c2ieii + 022621) = 0. 

Therefore (as Ai is a free algebra) Cuen + 612612 = and C21611 + 622621 = 0, 
and, hence, C = 0. Thus, = M^^ and equation (5.6) imphes that the induced 
automorphism (p of Ai transforms E as in the statement, with = M^. 

The kernel of the homomorphism ip 1-^ ({) consists of those ijj, for which 
commutes with E, and the proof will be complete once we prove that the only 

matrices in GL2{Ai)j which commute with E, are of the form j for some 



A G C*. For an element t of Ai, denote by suppt the set of all distinct nonzero 
monomials making up t. 

Lemma 6.3. Let M = [niij] is a2 x 2-matrix with entries in Ai which commutes 
with E. Suppose that suppmn contains a word w of degree n> 0. Then suppmn 

contains a(6ii)" ( a ^ 0). 

Proof Consider the (ll)-component of the equation ME^ = E"M. The word 
ti;(6ii)"' on the left-hand side must cancel a word of the form eu^ . . .ei^_^i^u on 
the right-hand side, where u £ suppmj^i. Comparing the degrees, we obtain that 
u = a(6ii)". We need to show that in = 1. Consider the (21)-component of the 
equation ME = EM, i.e. m2i6ii + 77122621 = 62imii + 622^21. Prom this, it is 
clear that suppm2i cannot contain (611)". □ 

Let [M,E] = and let a(6ii)" e suppmn. The matrix M' = M - aE"" also 
commutes with E, but the support of its (ll)-cntry m'n does not contain any 
/3(6ii)". The lemma implies that suppm'n does not contain any words of degree 
n. Doing this for every degree, we can write M = P + Q, where P = ctjE^ , 
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QE' = E'Q for all i, and Qn = 0. We claim that Q = 0. Indeed, the (11)- and 
(12)-components of the equation QE = EQ reduce to 

(312621 = ei2Q21, <3l2e22 = 612(322 + euQi2- 

The first equation implies that every word in supp(3i2 begins with ei2, and, hence, 
the second equation implies that eii(5i2 is divisible on the left by ei2, which is 
possible only if Q12 = 0. The two equations imply now that Q21 = and Q22 = 0. 

Thus, we conclude that, if ME = EM, then M = ^^^^ ajE^ for some scalars 
aj. Suppose now that M is in addition invertible. Then M^^ also commutes with 
E, and, hence, M-^ = Y:j=i P]E^ for some j3j. Since E^ , s — 1, 2, ... , arc linearly 
independent, MM^'^ = 1 implies that k = I = Q. Therefore M = ■ 1, for some 
ao 7^ 0. □ 



7. Triangular and tame automorphisms 

Definition 7.1. An automorphism (j) e kxitn'CQ is said to be triangular (resp. 
strictly triangular), if (t){€.Q) = CQ (resp. (f> is identity on CQ). 

We shall describe now the group of strictly triangular automorphisms preserving 
c. Let F2 = C{a, b) be the free algebra on two letters a and b = xy. Write 

(7.1) L2 = F2/{C+[F2,F2]). 

We view L2 as an abelian group, with respect to addition. Recall the formula (5.2) 
giving us maps 



We introduce a map 
defined on generators by: 



^ ^ -T 

--.L2^F2. 



A : L2 ^ Autij CQ, 



A{f){a,x,y) = {a,x,y) 
A(/)(a*) = «* + ^ 

A(/)(a:*) = ^*+y% 

A(/)(2/*) = y* + %^, 

for every non-commutative polynomial /(a, b), b = xy. 

Proposition 7.2. Every A(/) preserves the commutator (6.1), and the image of 
A coincides with the stabiliser of the triple {a,x,y) in Autii(CQ;c) . 

Remark 7.3. According to Proposition 6.1, A(/) induces an automorphism of Ai ~ 
C(a, a*, eii, 612, 621, 622), such that the action on the Cjj is given by conjugating the 
matrix E = [e^] by an M G GL2{Ai). This matrix for A(/) is 



M = 



1 

db 
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Proof. Let (j) ^ Gc with (j){a,x,y) = {a,x,y). Put 4>{a* ,x* ,y*) — {a* + h, x* + s, y* + 
t), where the endpoints of h,s,t are the same as for a*,x*,y*. The condition of 
preserving c can be rewritten as: 



As in the previous section, let Ai ~ C(a, a*, en, ei2i ^21, 622} be the subalgebra 
of <CQ generated by all paths beginning and ending at the vertex 1 (the Cij-s are 
given by (5.6)). The second equation in (7.3) implies that s,t can be written as 
s = yu and t = vx, with u, v <E Ai. and, hence u = v. The first equation becomes 
[a, h] + [xy, u] = 0. Thus, the solutions to (7.2) are in 1 — 1 correspondence with 
elements h,u G Ai, which satisfy 



Again, denote by suppt, t € Ai, the set of all distinct nonzero monomials making 
up t. Let us also write b = —612 = xy, so that (7.4) becomes [a., h] + [b, v] = 0. It 
is easy to see that this equation is equivalent to the following conditions, for any 
monomial m: 

f G {a, a*, eij;i,j = 1,2} & {/m,m/}n(supp/iUsuppu) ^ / = a or / = ei2, 

(7.5) ma G supp h am G supp h, mb G suppw <^ bm G suppw, 

(7.6) mb G supp h <^ am G supp u, bm G supp h <^ ma G supp u. 

In particular, h, u G C(a, b). Let w = Xa^^V^ . . . a^"V" , A 7^ 0, be any monomial in 
S = supp/i U suppu, and consider the minimal subset Sw of S, containing w, and 
invariant under the operations given in (7.5) and (7.6). Let be the sum of all 
monomials in H supp/i and the sum of all monomials in S^j O suppu. Then 
solution of (7.4), and to finish the proof observe that the invariance under 
(7.5) and (7.6) is equivalent to (/i«,,Uu,) = A(aw), if w G supp/i, and {hyj,Uw) = 
A{bw), if w G suppw. □ 

Remark 7.4. The above proof implies the following: two elements p,q £ C(a, 6) 
satisfy [a.p] + [b,q] = if and only if there exists an / G ^2/(^2,^2], such that 
p = 1^ and q = ^ (this also follows from the fact that [a,p] + [b,q] = is 
equivalent to a i-^- —q,b 1-^ p being a symplectic derivation of C(a, 6)). Thus, 
the group of strictly triangular automorphisms of CQs: where Qs is the quiver 
having one vertex and two loops, is isomorphic to the group of strictly triangular 
automorphisms of CQ. 

Remark 7.5. It is easy to see that the syniplcctomorphisms (4.9) of the instanton 
moduli spaces Nk,T are induced by strictly triangular automorphisms in Autij(C(5; c) 

There is a second obvious subgroup of Autfl(CQ; c): the group Affc consisting of 
the affine transformations of spa,ii{a,a* ,x,y,x* ,y*) preserving c. Since these must 
be i?-homomorphisms, it follows that 




(7.4) 



[a,h] - [ei2,u] = 0. 



(7.7) 



Affc = ASL{2, C) X GL{2, C) 
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where the group ASL{2,C) of unimodular affine transformations of acts in the 
usual way on span(a, a*), while T e GL{2, C) acts only on the x, y, x*,y*, via: 

(7.8) (-f)-T(-f), (x* y)^{x* y)T-\ 

Let TAuti{(CQ; c) be the subgroup of Autii(C(5; c) generated by strictly triangu- 
lar automorphisms and by Affc- It is easy to see that any triangular automorphism 
is in TAutij (CQ; c) . We call TAutij(C(5; c) the group of tame symplectomorphisms. 
We do not know whether every symplectic automorphism of CQ is tame. 

8. Transitivity of AutR{CQ;c) on Nk,T 
We shall now prove 
Theorem 8.1. The group TAut/j (CQ; c) acts transitively on A^fe,r, if t ^0. 

Remark 8.2. The corresponding result for the Calogero-Moser quiver has been 

proved by Bcrcst and Wilson [2]. 

Remark 8.3. In the case of the Calogero-Moser quiver Qcm, the action of Aut(C(a, a*); [a, a*]) 
has an open orbit on every quiver variety TZoiQcM^ see [1]. This is not the case 
for Aut7j(C(5; c) . Indeed, Proposition 6.1 implies that the action on TZo{Q,V) 
preserves the conjugacy class of the 2k x 2A;-matrix (8.2) below, which has rank I, 
if y = (C^C'). 

Before proving Theorem 8.1, let us show how Theorem 3 of the introduction 
follows from it. Let SAff^ = ASL{2,C) x SL{2,C), and let STAuti? (CQ; c) be 
generated by strictly triangular automorphisms and by SAffg. We observe that 
STAutfl(C(5; c) is also generated by strictly triangular automorphisms and by "op- 
posite" strictly triangular automorphisms, i.e. those 0, which satisfy </>(«*, x* . y*) = 
{a* ,x* ,y*). Thus, the Lie algebra I of STAutfl(C(5; c) is generated by the two 
commutative subalgebras CQ/[CQ,CQ] and CQ°p/[C(5°p, C(5°p]. We also observe 
that the action of the centre of GL{2, C) is trivial on N^^t, and, hence, the group 
TAutii(C(3; c) can be replaced by STAutK(C(5; c) in the statement of Theorem 8.1. 
Therefore, the symplectic manifold N^^t is a coadjoint orbit of STAuti{(CQ; c) , and, 
consequently, the algebra of polynomial functions on N^^t is a quotient of the Pois- 
son algebra of polynomial functions on [* , i.e. a quotient of the symmetric algebra 
SI Therefore C[Nk,T] is generated, as a Poisson algebra, by S (CQ / [CQ , CQ]) and 
S'(C(5°P/[CQ°P,CQ°P]), which is exactly the statement of Theorem 3. 

The remainder of the section will be devoted to a proof of Theorem 8.1. 
We are going to use the representation (4.11) of Q, i.e.: 

(8.1) ai-^A, a* ^ B, x -ii, y ^ j2, x* i-^ ji, y* ^ 12- 

We also write i = {ii 12) € Hom(C2,C'=) and j = G Hom(C'=,C2). We 

observe that the matrix E given by (5.6) maps to 

(8.2) 



iiji 


iij2\ 


«2jl 


^232) 



Inside A^/s,t, we have the subset 
(8.3) Mk,r = {[A,B,i,j]&Nky, «2 = 0,i2 = 0}. 
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Mk,T is isomorphic to the Calogero-Moser space [17] . In particular, for t 7^ 0, Berest 
and Wilson [2] have shown that the group Aut(C(a, a*); [a, a*]) acts transitively on 
Affe It follows that to prove the theorem, it is sufficient to move any point of Nj^^t 
into Mk^T- 

We begin with 

Lemma 8.4. Let r 7^ and m = [A,B,i,j] e Nk^r be such that A is regular 
semisimple. Then there exists a g G TAutij(CQ;c) such that gm G M^^t- 

Proof. Let p{a) be any polynomial in the variable a. We consider the strictly 
triangular automorphism Tp = A(/) G PmIr CQ corresponding to /(a, b) = —p{a)b. 
In particular = —p{o)- It follows from the previous section that the action of 
Tp on ii,i2, ji, J2 is: 

(-) (::) " ;) (::) • (i. *) - « (-;,., ;) ■ 

We can assume that A is diagonal, with distinct eigenvalues. Since [A, B]—ij — t -1 
and T 7^ 0, we can use the GL(2, C)-action on i,j in order to guarantee that all 
entries of «i are nonzero. We can then find a polynomial p{A) such that i2+p{A)ii = 
0. Thus, we can assume that i2 — 0. Therefore B] = r • 1 + iiji, and, since A 
is diagonal, all entries of ji are nonzero. We now use the GL{2, C)-action to send 
i and j to (?i,7'2) = (0,«i) and (j'i, ^'2) — (.72, Ji)- The action (8.4) preserves the 
condition i'^ — 0, and, since all entries of ^2 are non-zero, we can find a polynomial 
p{A), which sends j{ to 0. □ 

We now decompose Nk,T as the union Nk,T = [j^o, where O runs over all 

adjoint orbits of rank < 2 matrices and 

(8.5) No = {{A,B,i,jy, [A,B]-T-l=ij, ij e O} /GL{k,C). 
Thus, O is an orbit of 

(8.6) diag(ai,a2,0,...,0), 
or of 

(8.7) £;i2 + diag(a,a,0,...,0). 

In addition, Nq is nonempty if and only if ai + 02 = —kr for (8.6), and 2a = —kr 
for (8.7). Thus, the as arc determined by tr(ij)^ = tr(ji)^, and in particular, 
tr(ji)^ = fc^r^ implies that O is the orbit of diag(— /cr, 0, 0, . . . , 0), i.e. [A, B] - t ■ 1 
has rank 1. Denote this particular Nq by Ni. We observe that any point of Ni 
can be moved into Mk,T- This follows immediately from Lemma 8.4 and a lemma 
of Shiota [17, Lemma 5.6], which we formulate as follows: 

Lemma 8.5 (Shiota). Let C and D be n x n matrices such that [C\D] — r • 1 
has rank 1. Ifr^O, then there exists a polynomial p(t) = Ylr=o Pr^^ > such that 
{po,--- ,Pn-i) is arbitrarily close to G C" and C + p{D) is regular semisimple. □ 

Therefore, to prove the theorem, it is enough to show any point of N}.^t can be 
moved, using TAuti^(CQ; c) into A^i, i.e. tr(ji)^ can be made fc^r^. We compute the 
efi'ect on tr(ji)^ of the strictly triangular automorphism T[s) = A(/) G Aut^CQ 
corresponding to /(a, b) = sab, s G C. Using (8.4), the term linear in s in tr(_ji)^ is 

(8.8) 2{jiii - jii2)j2Ai\ + 2j2ii{j2Ai2 - jiAii), 
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while the quadratic term is 

(8.9) 2{j2AHf - 2j2iij2A^ii. 

Thus, we shall be done, once we show that any point of A^^,^ can be transformed to 
a point for which cither (8.8) or (8.9) is nonzero (excepting, perhaps, the points for 
which tr(ji)^ already equals fc^r^). If the rank of [A,B\—t-1 is not 1 (otherwise 
we are already in A''i), then we can use the action of GL{k, C) x GL{2, C) to assume 
that 



1 ... 
1 ... 



and 



or 



j = {'^Q a Q ) , if O is an orbit of (8.6), 



if O is an orbit of (8.7). 



'a 1 ... 0> 
^0 a ... Oy 

In both cases ^'2*1 = and (8.9) reduces to (j2^«i)^, i.e. (^21^2)^ in the first case 
or (^210)^ in the second case. Recall that a ^ 0, while a2 = implies that our 
point already satisfies tr(jz)^ = fc^r^. Thus, (8.9) is nonzero if A21 ^ 0. We can 
act by Aut(C(a, a*); [a, a*]) without changing i and j, and, so, we are done, unless 
the (2, l)-entry of {cA + dB)"^ is equal to zero for all c,d G C and m € N. Let us 
assume that this last condition holds. Let V = 62 (i.e. V consists of vectors, the 
second coordinate of which is zero). Thus, {cA + dB)™'ei G V for all c, d, m. 

Lemma 8.6. Let U be the smallest subspace containing ei and invariant under A 
and B. Then U CV. 

Proof. We need to show that 

(8.10) A'^B^' . . . A'^B^'^ei G V 

for any . ■ . ,in,jn > 0. We prove it by induction on the word length m = 

*i +.71 + • • • + in+jn- Suppose that (8.10) holds for all words of length less than to. 
Since {cA + dB)"^ei S V for any c, d, it is enough to show that wi[A, B]w2ei £ V 
for all pairs of words wi = A^^ B^^ . . . A^- B^" , W2 = A''^ B^^ ... B'- , the sum 
of lenghts of which is m — 2. Since [A, B] = ij + t ■ 1, we have 

wi[A, B]w2ei = TWiW2ei + Wiijw2ei. 

The first term is in V owing to the inductive assumption. For the second term, 
wiij'W2ei, we know that ■u;2ei G V thanks to the inductive assumption. We now 

observe that, with our choices of i and j, ijV ~ Cei, and, hence, wiijw2ei G 
uii(Cei) = Cwiei, which is contained in V, again due to the inductive assumption. 

□ 

Therefore, we have a proper nontrivial subspace U, invariant for both A and B, 
and, so. A, B can be simultaneously conjugated to 

As\ „ fBi B3 



(^•11) ^=[0 A:J' ^=V0 B2 

Since [A, B] — t ■ 1 has rank 2 and r ^ 0, [A^, B^] — r • 1 has rank 1 for s = 1, 2. 

Lemma 8.7. In the case (8.6) we have ai = —rdimU, a2 = — rdimC'^/C/, and, 
in the case (8.7), we have a = —rdimU. 
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Proof, (cf. the proof of Lemma 1.3 in [17]) Any subspace U, invariant for both A 
and B, is also invariant for [A, B]—t-1, and, hence tr{ij)\u = — r dim U. We have 
U C V, so ti{ij)\u = cti or tr(ij)|(7 = a, depending on the type of orbit. Since 
ai + a2 = — fcr, the result follows. □ 

Lemma 8.8. Ifij is in the orbit of (8.6) and m = [A, B, i,j] TAutii(C(5; c)Mk,T, 
then ai = a2- 

Proof. We can assume that A,B are of the form 8.11. Owing to the last lemma, 
it is enough to show that the diagonal blocks have equal size. We consider the 
spectral curves 

S^ = {[Ci, C2, Cs] e dct(C3 - - B,C2) = 0} , z = 1, 2. 

We can apply above-mentioned transitivity result of Berest and Wilson to {Ai,Bi) 
and assume that 5i is irreducible. Using the Shiota Lemma 8.5, we can find a 
polynomial p(t) such that A2+p{B2) is regular semisimple. Since p(i) is arbitrarily 
small. Si can be assumed to remain irreducible. Thus, we can assume that Si is 
irreducible and S2 is reduced. It follows that, unless 5i = S2, we can use the action 
of ASL{2, C) to make A semisimple, in which case Lemma 8.4 yields a contradiction. 
If 5*1 — S2, then the diagonal blocks have the same size. □ 

Remark 8.9. At this stage, we have proved Theorem 8.1 for odd k. 

We now reduce the question to the case (8.6). 

Lemma 8.10. Ifij is in the orbit of (8.7) andm= [A,B,i,j] ^ TAutj^(CQ;cjMk,T, 
then there exists an m! = [A' , B' , i' , j'] ^ TAvLtfi(CQ;c)Mk,T with i'j' in the or- 
bit of (8.6). Moreover, if A,B are of the form (8.11), then so are A',B' with 
A[ ^Ai,A'^= A2, B[ = Bi, B'^ = B2 and = = 0. 

Proof. We can assume that A, B are of the form 8.11, with blocks of size n ~ k/2. 
We also know that ii € U and j2U = 0. It follows that the orbit of {A,B,i,j) 
under the action of 

induces a convergent sequence = [A^,B^,i^,j^] in Nk^r as e ^ 0, and the 
limit m' = [A' , B' ,i' has i'j' in the orbit of (8.6) with ai = a2. Suppose 
now that there is a 5 e TAutfl(C(3;c) such that gm' G Mfe_^. This means 

that tr(9()')g(j'))^ = fc^T^. On the other hand, we know from the previous 
considerations that, given the assumption on m, TAuti?(CQ;c) does not change 

tr(jz)^ = (A:/2)^T^. Thus, tT:{g{je)g{ie))^ = for every e, and we obtain a 

contradiction. □ 

Thus, we can assume that we are in the case (8.6) with 0:1=02 = —kT/2. As 
before, we use the action of GL{k, C) x GL{2, C) to assume that 

.T _ /I . . . 0\ . _ f~kT/2 . . . 0\ 
* ~ [0 1 ... 0) ' ^ ~y -kT/2 ... Oj- 

Observe now that the action of GL(2,C) leaves ji invariant, and, hence, preserves 
the condition j2ii = 0. We can repeat the arguments after Lemma 8.5 for any (i, j) 
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in the orbit of GL(2, C) and conclude that, if our point cannot be moved into Mk,T, 
then: 

{{cA + dBrU = {{cA + dBr\, = 0, {{cA + dBD,, = {{cA + dBD,^ 

for all c,d e C and m S N. This, in turn, implies that if we put v = pei + qe2, 
w = qei — pe2, then w^{cA + dB)"^v = for every c,d £ C and to G N. We can 
now repeat the proof of Lemma 8.6, and conclude that, for every ( G [p, q] G P^, 
there is an (j4, B)-invariant subspace C/^ containing v = pei + qe2 and annihilated 
by w'^ = {qei — pe2)^ ■ The argument used in the proof of Lemma 8.7 shows that 
UcnUc^O, if exc- 
using the decomposition C^" = f/o ® Uoo, we write A and B as 

Using the Shiota lemma, we can assume that both Ai and Bi are regular semisimple. 
We then have: 

Lemma 8.11. In the above situation, A2 = Ai and B2 = Bi. 

We begin the proof by showing that A2 has the same eigenvalues as Ai and 
similarly for B2 and Bi : 

Lemma 8.12. Let C^" = Uo®Ui, dimC/o = dimC/i = n and let X : C^" ^ C^" 
preserve both Uq and Ui. Suppose also that there exists a further n-dimensional X- 
invariant subspace V, such that VtlUo = Vr\Ui = and X\v is regular semisimple 
with eigenvalues Ai, . . . , A„. Then C^" = 0"^^ Wj, where dim Wj = 2, X\^-^^. = Aj-l 
and dim Wi f^Uj = 1 for any i = 1, . . . , n, j = 0, 1. 

Proof. Let Vi he an eigenvector for X, Xv = XiVi. Decompose v = v^+v], with 
vl &Uj,vl ^ 0. Since Xvl G Uj and Ajtij = Xiv'j + Xiv], we must have Xvl = Xv^, 
j = 0,1. Setting Wj = speLn{v^,vj} gives the required decomposition. □ 

We now continue with the proof of Lemma 8.11. We can conjugate A, so that 
Ai = A2 is diagonal with distinct eigenvalues Ai, . . . , A„. It follows that (up to a 

non-zero multiple): 

.T A ... 1 ... 0\ . f-T ... -T ... 0\ 

(^•12) ^ =(0 ... 1 ... ij' ... -r ... -rj- 

Since, for any \p,q] G P^, pi\ + qi2 € f/[p,g], the last lemma implies that J/[p,q] is 
generated by {pci + qen+f. i = 1, . . . ,n}. Let Vi = Y,]=i '^ij'^]^ = Pij^-n+j 
be the eigenvectors of Bi and B2, respectively (with the same eigenvalue). Since 
both Bi and B2 are regular semisimple, we can apply to them the arguments already 
used for Ai and A2 and conclude that ?7[p,q] is generated by {pvi+qwi; i = 1, . . . , n}. 
But 

pVi + qwi^^ Q!y {pe^ + qCn+i) + '^{Pij - aij)qfi, 

and, hence, J^iPij ~ oiij)qfi G Uoo n ?7[p,g]. Therefore (3ij — aij for all i,j and 
Lemma 8.11 is proved. 

Thus, we can assume that A and B can be simultaneously conjugated to 

^=[0 aJ' ^=(0 d)^ 
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where A = diag(Ai, . . . , An), D is regular semisimple, and [A, D] — t • 1 has rank 
1. Moreover z, j are of the form (8.12). We now act by the strictly triangular 
automorphism (8.4) with p{a) = a. This leaves invariant A, ii,j2 and changes B to 



We now act by an element of SL{2,C) x GL{2,C) to replace {A,B') by {-B',A) 
and ii,j2 by ijj, jj. We act again by (8.4) with p(o) = a and end up with the pair 
of matrices A" = -B', B" = A + We know from Lemmas 8.6 and 8.7 that A" 
and B" have a common n-dimensional subspace U. Moreover, Lemmas 8.10 and 
8.12 imply that U is generated by eigenvectors of —B (one for every eigenvalue). 
The only subspace invariant for A", which satisfies the latter condition is the one 
spanned by the first n coordinate vectors, but this subspace is not invariant for B". 
This contradiction establishes Theorem 8.1. 
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